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Abstract.Thealgorithmscommonto exteriorderivation,exteriorcovariant deriva-
tion and vectorvaluedcohomologyof Lie-Algebrasarepresentedwithin aunified
frame.

We presenta unified descriptionof the following algorithms:exterior derivative
on a manifold, covariant derivativeon smoothvector bundles,and cohomology

of Lie algebras(over arbitrary commutativealgebras)with values in representa-
tion spaces.Thestriking similarity of the formulaedefiningtheexteriorderivative,
covariantexterior derivativeandcoboundaryoperatorof Lie algebracohomology
thusappearsas the fact that they are all specialcasesof a constructionpertaining

to pairs (L, A) of a Lie algebraL and a commutativealgebraA with interrelations
(<<Lie-Cartan pairsx’). The archetypeof this is the pair L = .~((M),A = C~(M),M

a manifold, .~T(M) the Lie algebraof smoothvectorfields onM. L is represented
(in this case injectively) in the derivations of A, andis at the sametime an A -

-module.Onehasfurthermorethe relations:
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(a~)b=a(~b), a,bEA,~EL,

[~,a~]= a[~,,~]+ (~a)7?, ~,7~EL, a EA.

Axiomatizing these propertieswith a general- non necessarilyinjective - Lie-
-algebrarepresentation:L -+ DerA allows to encompassthe following situation
occuringin Lie algebracohomology:L a Lie algebra(andhencea module) over

a commutative algebraA, with trivial action of L on A: Ea = 0 for all ~ E L,

aEA.
For a general Lie-Cartan pair (L, A), and a module V over A, we define a

connection p as a linear map of L into the linear (= IR — or C — linear) opera-
tors of V, behavingasfollows undermultiplication by elementsof A:

p(s)(aX) = ap(~)X+ (~a)X, ~EL, aEA, XE V.

Thecorrespondingcurvature:

~ 71) = [p(s),P(n)] — p([E, n])

is then, as usual, an endomorphismof the module V. The <<connection>>p is

called local whenever it commutes with the module-multiplication of L:

p (a~) = ap(~),a E A, ~EL. Given a connectionp, one constructs the usual

analyticalapparatuson A*(L, V) (on A*A(L, V) if p is local): a <<derivative>>

and a <<generalizedLie derivative>> e~(fl,~ E L. Theseobjects,and the interior
product i(s), ~EL, then fulfill the usual relations cf. (51) to (55) below. In
particular,the curvatureis the squareof the derivative:

= ~ A

and onehas the Cartanrelation

l3~.i(s) + i(s). &~,=

This holds in the case of general representationspaces V, for which A*(L, V)
and A~(L,V) are not algebras.The proof of thesefacts obtainedby identifying

derivationsof aGrassmannalgebraby theway in which they act on theelements

of gradezero and one, hencedoesnot reveal their true nature,which is more

general,sincethey hold in theabsenceof a wedgeproduct.
This paperis in fact intendedas a future referencefor a study of thealgebric

structureof anomaliesof gaugefields.

[1] DEFINITIONS. A Lie-Cartan pair (L, A) is a couple of a real (complex) Lie
algebra L, and a unital commutativereal (complex) algebraA. equippedwith
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bilinear products(1)

(1) (~,a)ELxA—s’~aEA

and

(2) (a,~)EAxL—s’a~EL

suchthat:

(i) the product (1) definesa homomorphismof the Lie algebraL into the Lie
algebraDerA of derivationsof A:

(3) ~(ab)=(~a)b+a(~b), ~EL,a,bEA

(4) [~,77]a = ~(iia)—ii(~a), ~ EL,a EA

(ii) the product(2) makesL a unitalA-module:

(5) a(b~)=(ab)~, a,bEA,~EL

(6) ~ ~EL

(iii) we havein additionthe properties(2)

(7) (aE)b =a(~b), a,bEA, ~EL

(8) [~, are] =a[~,~]+(~a)’q, a EA, ~,77 EL.

Given a Lie-Cartan pair (L, A) and a left A-module V (i.e. a representation

vector spaceof A), a V-connection (3) is an assignementp, to each ~ EL, of a

map:p(~): V-÷V suchthat

Ip(E)(X+ Y)=p(~)X+p(~)Y f~EL,aEA.(9)
~p(E)(aX) =ap(~)X+ (~a)X ~ X, YE V,

assignementlinear in thesense

(10) p(a~+~) =~p(~)+~p(77), ~ EL ~a,~ER (EC)

The V-connectionp is called local (4) wheneveronehas

0) We saythat (L,A) is a real, resp. a complex Lie-Cartanpair if L andA areover the

real,resp.the complexnumbers.

(2) Observethat(4) implies [as,~?]= a[~,t~]— (iia)l,a EA, ~, s~eL.

(3) Notethat the notion of V-connectiondependson the specificationof both Lie -Cartan
pair(L,A) andthe leftA -moduleV.

(4) If we want to stressthe role of the algebraA, we shall say A-local insteadof local.
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(11) p(a~)=ap(~), aEA, EEL

and flat (or a representationofL on V) whenerer

(12) ~ E,77EL.

The coherenceof the definitions (10), (11) and (1 2) follows from (i) in

E21 LEMMA. Let(L,A)beLie-Cartanpair, with ValeftA-module

(i) Let E -+p(~)be an assignment,to the EEL, of maps: V-+ Vfulfihling (9).

Thenthe maps

(13) ap(~)+bp(~)—p(a~+b~), a,bEA,E,nEL

and

(14) ~2(E,n) = p(E)p(ri) —p(~)p(s)—p([E, n]), ,~EL

are endomorphisms(A-linear maps)of V. For p a V-connection,fl is called the
curvatureof p, with fl(~,n) thevalue of the curvaturefor E, t~E L

(ii) Thesetof V-connectionsisa convexset.

Proof The operator (13) is obviously additive. We have, for X E V, a, b, u E A

{ap(~)+ (bp(n)~(uX)= ap(EXuX)+ bp(~)(uX)

(15) = a[up(E) + (~u)X]+ b[up(rj) + (~u)X]

= u[ap(E) + bp(n)]X+ [(aE+ bn)uJX

hence

{ap(E) + bp(n)—p(a~+ b~))(uX)
(16)

= u[ap(E) + bp(n)—p(a~+ b~)]X

~ ti) is also obviouslyadditive.We have,for XE V, U EA

p(E)p(77)(uX)= p(~)[up(77)X+ (~u)X]
(17)

= up(E)p(n)X±(Eu)p(77)X + (77u)p(E)X + (E77u)X

hence

(18) fl(E, 17)(UX) = uf~(E,i~)X.

(ii) Let a’, a” E R(EC) be suchthat a’ + a” = 1. For p’, p” two V-connections,
p = a’p’ + a”p” obviously fulfills (10)andthefirst property(9). Moreoveronehas,
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for a E A,XE V, E EL

p(E)(aX)= a’p’(~)(aX)+ a~p”(E)(aX)

(19) = a’ap’(E)X + a’(Ea)X + a”ap”(E)X + a”(Ea)X

= ap(E)X+ (Ea)X.

[3] LEMMA. Let (L,A) be a Lie-Cartan pair. A subpairof (L,A) is a couple

(L’, A’) of a Lie subalgebraL’ of L and a subalge~,raA’ of A such that one has

Ea E A’ and aE EL’ for all EEL’ and a EA’. The subpair (L, A) is itself a Lie-
-Cartan pair for therestriction of theproducts(1)and(2).

Given a real (complex) Lie-Cartan pair (L, A) the subpair (L, IR) ((L, C)) is
called the depletionof(L, A)).

Proof Obvious.

The next Lemmadescribestwo oppositeextremesof Lie-Cartanpairsyielding

two classesof examples

[4] LEMMA. Let(L, A) be a Lie-Cartan pair. It is called injective whenever

(20) Ea = 0 for all a E = 0

anddegeneratewhenever (5)

(21) Ea=0 forall EEL and aEA.

Then

(i) all the injective Lie-Cartan pairs (and only those) are obtained (6) as the
subpairs (L, A) of the Lie-Cartan pair (Der A, A) where A is any unital commuta-

tive real (complex) algebra, with DerA the Lie algebra of derivations of A, and

(22) (aE)b = a(Eb), a, b E A, E E DerA

(ii) all the degenerateLie-Cartan pairs (and only those)are obtained (5) as the

pairs (L, A) of a unital commutativereal (complex)algebraA, and Lie algebra

L overA (7), with

(5) Note that the depletion of any Lie-Cartan pair (L,A) is degenerate,since Der JR =

=DerC= 0.
(6) Bijectively.

(7) I.e.L is a real (complex)Lie Algebra which is a unital left A-modulefor which the Lie
bracketis A -bilinear.



6 D. KASTLER, R.

(23) Ea=0, EEL,aEA.

Let further (L, A) be a Lie-Cartan pair: if it is degenerate,each V-connection
yields A -linear maps p (E) for all E E L. Conversely, the existence of a V-connec-
tion with this property for an A-separatingA-module V implies that (L,A) is

degenerate.

Proof Let A be a unital commutativereal (complex)algebra.For E E Der A and

a EA, aE as definedby (22) also belongsto DerA, indeed(8)

(aE)(bc) = a{E(bc)} = a~(Eb)c + b(Ec)}

(24) = a(Eb)c + ba(Ec)

= {(aE)b}c + b{(aE)c}.

In this way DerA obviously becomesa left A-module, and (DerA,A) a Lie-
-Cartan pair: indeed, [1] (i) is automatic, [1] (ii) follows from (22) which
coincideswith (7), andwe have,forE, 77 EL, a, b EA

[E,an]b = E{(a?1)b}—(aul)(Eb) =

=a{E(77b)}+ (Ea)(nb)—a{77(Eb)}
(25) -

= a{[E, 77]1)} + (Ea)(77b)

= {a[E, ~71+ (Ea)n}b.

Any subpair (L,A) of (DerA,A) then obviously fulfills (20) since L EDerA.

Conversely, (20) meansthat the i~epresentationof L in DerA is faithful, and
henceL can be consideredas a Lie sub-algebra,andsubleft A -module,of Der A.

(ii) Let A be a unital commutativereal (complex)algebra,with L a Lie algebra

over A, we thus havea bilinear product(2) satisfying[1] (ii). The definition (23)
then defines a bilinear product (I) trivially fulfilling [1] (i) and (7). Moreover
(8) holds by the A-bilinearity of the Lie bracket,sinceEa = 0. Conversely,any

degenerateLie-Cartanpair (L, A) fulfills (8) with Ea = 0, hencethe Lie bracket

of L is A-bilinear (right A -linearity implies left A -linearity owing to antisym-

metry of theLie bracket),thereforearisesfrom a Lie algebraL overA.
Let (L, A) be a Lie-Cartan pair: if (L, A) is degenerateany V-connection

p, V a left A-module, is A-linear owing to the secondline in (9) with ~a = 0.

Converselylet V be a left A -module which separatesA and carriesa V-connec-

tion p yielding A-linear maps~(E) for all EEL: owing to the secondline in (9)

(8) Notethatthis argumentusesthecommutativityof A in an essentialway.
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we have, for all EEL and a E A, that (Ea)X = 0 for allX E V, henceEa = 0 since
VseparatesA.

We now presentan importantexplicit classof injective Lie-Cartan pairs (9).

[5] LEMMA. Let M be a smooth compactn-manifold, with ~( (M) the set of

smooth vector fields of M (10), and A~(M)the set of real (complex)smooth

p-formsonM: ( ~(M), A°M)is a Lie-Cartan pair.
Examples of left A°(M)-modules:

(i) A~(M), 0 ~p ~<n.The Lie derivative L is then a flat AP(M)-connection.

(ii) the set F’(E) of smooth sectionsof any smooth vector bundle E overM.

The local 12(E)-connections are then exactly the smooth linear connections
of E.

Proof. (,~?C(M),A°(M)) is a Lie-Cartanpair as a subpairof (Der A0(M), A°(M)).
The otherstatementsare reinterpretationsof known definitions.

Our assumption,in the definition of Lie-Cartanpairs (L, A), that A is unital

and L unital as a left A -module causesno loss in generality,sincewe havean
<<augmentationfunctora between the categoriesof non unital and unital Lie-

-Cartanpairs:

[6] LEMMA. Define a non unital Lie-Cartan pair as a pair (L, A) satisfyingall

the requirementsin Definition [1], excepttheunital requirementsfor thealgebra

A and the left A -module L. Thefollowing constructionof (L, A) will yield a Lie-

-Cartan pair (11), called the augmentation of (L, A):

(i) A = C ~ A is the algebra obtainedfrom A by formally addinga unit 11 (12)

(ii) the products (1) and (2) are respectively defined as

(26) E(all +a)=Ea
EEL,afl +aEA

(27) (all +a)E=ceE+aE

(9) To which the Lie -Cartan pairs owe their name. In fact the compactness assumption
in (5) can be removed, using the procedure (6).

(50) In other terms, smoothderivationsof C~(M)= A°(M).

(is) In the sense of Definition (1).

(12) We recall that (ci, a)(i~3,b) = (all, cxb + j3a + ab), (a,a), (jl, b)E C~ A. We then have

]1=(1,O)and(cs,a)=ct11+a,(a,a)EC~A.
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Moreover, let Vbea real (complex)representationvectorspaceofA. The conven-
tion

(28) (cr1 +a)X=crX+aX, cr1 +aEA,XEV

makes V a left A -module,say ~ Each V-connection then becomes a V-connec-

tion ~for the Lie-Cartan pair (L, A). If p is local or flat, so is ~.

Proof. The r.h.s. of both lines in (26) are obviously linear,bothin E andall + a.
We checktheremainingproperties:

property (3):

ELaIL +a)(~31+b)]

=E(cxiE3l +crb+13a+ab)=E(ab+13a+ab)
(29)

= c4b+PEa+(Ea)b+a(Eb) = (Ea)(~31+b)+(al +a)Eb

={E(crl +cr)}(j311 +b)+(crlL +a){E(llhl +b)}

property (4):

[E,n](crll +a) = EE,nla = E(na)—n(Ea)

(30) =E{n(crll +a)}—~{E(all+a)}

property (1, 5):

(cr1 +a){(j311 +b)E}=(crll +a)((3E+bE)

= crj3E + abE + !3aE + abE

(31) =(crj~-i-crb+~a+ab)~

=[(al +a)(llhl +b)]E

property(6):

(32) 1E=ll•ILE=IIE=E

property(7):

{(al + a)E}(llhl + b) = (crE + aE)0311 + b) = csEb + (aE)b

(33) = aEb + a(Eb) = (all + a)(Eb)

=(ctll +a)[E(flll +b)]

property(8):
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[E,(all +a)n]=[E,an+an]=a[E,n]+[E,an]

(34) = cr[E, 7i] + a[E, 77] + (Ea)ri

=(lcr+a)[E,ii]+{E(alL +a)}~.

We provedthat (L, A) with the products (26) is a Lie-Cartanpair in the sense
of Definition [1].

Let now V be a real (complex representationvector spaceof A, the expres-
sions r.h.s. of (27) is obviously linear in bothX and all + a. Furthermore,we
have

(cr1 + a)[(1311 + b)X] = (all + a)[(JX + bX)

=a(~3X+bX)+a(~3X+bX)

(35)
=(crf3l+ab+13a+ab)X
=[(al +a)(f311+b)]X

V thus becomesa left A-module V. Let now p be a V-connection.We have

~(E)IalL + a)X] = p(E)(crX+ aX)= crp(E)X+ap(X)+ (Ea)X
(36)

=(all +a)p(E)X+ E(all +a) X

hencep is a V-connection,say ~. If p is local we have

~((a1 + a)E)= p(aE+ aE) + ap(E) + ap(E)
(37)

=(a]l +a)p(E)

thus~ is local. Moreover,if p is flat, p is obviously flat.

We now cometo the point of this paper,namely the description,given a Lie-

-Cartan~pair (L, A) and a V-connectionp (V a linear representationspaceof A)
of an analytical apparatuson the Grassmannspace(13) A*(L, V) of L* with
valuesin V, resp.the V-valued GrassmannspaceA*(L, V) over A. We advisethe

readerto keepin mind that, along with the Lie-Cartanpair (L, A), therecomes
the depletion (L: IR) ((L, C)) of (L, A), a degenerateLie-Cartanpair cf. [4].

Whilst the operators b.~ and ®~(E),E E L, pertain to (L, A), the operators6,,~and

e0(E), E E L, are in fact their analoguespertainingto (L, IR) (to (L, C)),whereby
the V-connectionp is replacedby the 0-connectionof the correspondingvector

spaceV.

(13) Not Grassmannalgebraunless V itself is an algebra.L* denotes the dual of L.
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[7] DEFINITIONS. Let (L,A) be a Lie-Cartanpair and let Vbe a linearrepresen-

tation spaceof A (14) equippedwith a V-connectionp. Denotingby A~(L,V),
resp. A~(L,V), the set of V-valued alternatep-linear (16) forms, resp. p —A
linearforms on L, we set

A*(L,V)= ~ A”(L,V)
pEN

(38)
~ A~(L,V)

pEN

whereA°(L,V)=A°A(L,V)= V.F0rXEAP(L,V),andEEL,wedefine

, E~_~)= X(E, E1~. ,

(39) ,E1,EEL,i=i...p—l

i(E)X=0 for XEA°(L,V)

further

(40) ~~X=~0X+pAX

and

(41) e~(E)x= e0(E)X + p(E)X

where (15)

(~0X)(E0,. , E,,) = (~1)i+J X([E. E1], E0 E~ E~)
0.~i<i<p

(42) (p A X)(E0, . . , E~)= (— l)’p(E1)X(E0, . . ,

~ E~EL~P~1

~0X=pAXr0 for XEA°(L,V)

and

(14) In other terms, a unital left A -module.

(15) The caret indicates omission.

(16) I.e. JR-linear(ff~-linear).
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E~)=

= — E X(E1, . . . , E~1,[E~E1], E1+ 1’ , E~)

(43) {p(E)X}(E1, . . , E,,) = p(E)X(E1 E~)

®0(E)X=0 for X�A°e(L,V).

Finally, for XE A~(L,V), and a E A, we define

(aX)(E1, . . , E~)= a{X(E1, . . , E,,)}, E1,. ., E,, EL

(44) p
(a A X)(E0 E~)= (— IY(E1a)X(E0, . . . ,

/=0

~

[1.81 THEOREM. With (L,A), V and p as in Definitions [7] . and adopting
the notation there, we have that

(i) ~, p A, ~ i(E), e0(E), e~(E)~p(E), EEL; and a, a A, a EA, are linear

operators (16) of A*(L, V), in fact

i(E)X�AT’_l(L, V) X�A~(L, V),p�N

(45) ~ V) EEL

b0X,~X,pAX,aAXeAP+l(L,V) aEA

Further ö0,i(E), Ei0(E), EEL; and a,aA, aEA, are A-linear (17); and one has,

forXEA*(L, 1/), EEL,aEA

(46) p(E)(aX) = ap(E)X ±(Ea)X

(47) pA(aX)=a(pAX)+aAX

(48) O~(E)(aX)= aO~(E) + (Ea)X

(49) ~~(aX)= ab~X+ a AX

(17) Hence A~(L,V) becomesa left A -modulewith left multiplication (44) andA~(L,V) a

sub left A-module of the latter.
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(ii) one has, for ~,1’~E L

(50) 1(E)2= 0, 1(E) i(~) + i(~) i(s) = 0

(51) ~(E)8(n) — ê~(n)8~(E)= (E)~([E, ‘ii) + ~2(E,77)

(52)

(53) o~i(E) + i(E)6~ =

(54) i(E)®(n) — 8~(n)1(E) = i([E, 17])

(55)

(51 a) 8
0(E) E)o(n) — e0(77)80(E) e0([E, 17])

(52a) ô~=0

(53a) ~0i(E) + i(E)50= e0(E)

(54a) i(E)®0(n) — 8~(17) i(E) = i([E, 71])

(55a) &080(E) = 80(E)60=

where the operators &Z/\ and i(E)~2A are definedas follows: one hasfor X E

EA~(L,V),pEN,andE0 E~+2EL(18)

(&2AX)(E1~...~E~~2)=

(56) = ( I)’ ~ x(~)~(E01,E02)X(E~3
P

{�2(E,ii)X}(E1 E~)= ~(E,77)X(E1 E~)

(57) ({i(E)~}AX)(E0 E~)= E (— 1)~~~(E,E~)X(E0 E~)

(iii) if the connectionp is flat, one has, for all E E L,

(5 lb) e~(E)8~(ii)— �),~(~)®~(E)= �)~([E~77])

(52b)

(56b) ~~e~(E)= ®~(E)b~=

(IS) E,~denotesthe set of permutationsof the n first integers, with x(a) the signature of

the permutationa.
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(iv) if theconnectionp islocal, b and 9~(E)(and, of course i(E)), leaveA~(L,V)

globally invariant:

&~X�A~~’(L~V) XEA~(L~,pEN

(58) p local ~

EeL.

Wenowassumethat V is equippedwith a bilinear(19) product

(59) VxV~(u,v)-+uvEV.

The wedge product X A A of X and ~z,X CM(L, V), ~tE A~(L,I’), p. q EN is

thendefinedas

II
(XAM)(E1~...~Ep+q)=— — E x(o)X(E01,...,E0~)

p. q. OE~p+q

(60)

(Xp=pX=pA if XeA°(L,V))

in particular theoperator4A, J E A’(L, V) is givenby

(FA~z)(E1,.. ~~Ep+q)

(61) = ~ (~I)1~(~1) ~(E0~ . .. ,~,.. .,E)

,XEAP(L,V),p~1,E0....E~eL

Wethenhavethat

(v) the wedgeproduct has a unique bilinear extensionto A*(L, V) which is

A -bilinear whenever this is the case for the product.(in which case A~(L, V)
is a graded subalgebra of the -in general not associative-graded algebra A*(L, V))

(vi) we have the derivation and antiderivation relations

(62) i(E)(XAp)={i(E)X}Ap+ (—1)~XAi(E)~zAEA~(L,V),pEN

(63) e0(E)(X AM) = { e0(E)x}Ap + X A 80(E)p, p E A*(L, 1’)

(64) 60(XAp) = (~0X)A p + (— I)”A A &~p E EL

(19) I.e. K-bilinear(C-bilinear).
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which can also be interpreted as commutation or anticommutationrelations,
e.g. (62) reads

XEA~(L,fl,pEN

(62a) i(E)G’. A) — (~ 1 )P(~A)i(E) = { i(~)X}A,

EEL.

If in addition ~(E)actson Vasa derivation:

(65) ~(E).{X. Y}={p(E)X}. ~‘ + X p(~))’, X, YE V, EEL

p (E) acting on A* (L, V) is also a derivation

(66) p (E)(X A p) = p (E)X A~+ X A p (E)~, A, p E A* (L, V), E EL

and we have

(67) ~ XEA~(L,V),pEN

MEA*(L,V)

(68) ~ + (— 1)PXA~p EEL

(vii) if the product is associative, so is the wedge product under which A* (L, V)
then becomes a graded associative real (complex)algebra (20). Onehasthen (21)

(XApAv)(E1 Ep+q+r)= x(a)
p! q! r! 0E~

p+q-~-r

(69) ~ E0~)~M(E0(~+l)~Eü~+q~)~~(Ea(p+q+1))~ .

,E ~Ep+q+rEL

(viii) if V (= n V~) is a (graded) Lie algebra under the product . (~heflnoted
1. the wedgeproduct (then noted A makes A* (L, V) a (doubly) graded

Lie algebra (21).

(70) ~

,XeA~(L, V),pEA~(L, V),vEA
t(L, V)

(20) Anticommutativeif theproduct is commutative.

(21) This holds for a general vector space L — for this results,the fact thatI. is a Lie algebra

is irrelevant.
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[pAX] = (_l)P~~~~’[XAp]

(— 1)”~~[XA[pA v]] + (— ~)P~
4.130[p~[vAX]]

(71)

AEA~(L,Va),pEA~(L, V~),vEAT(L, V).

Proof (i) We prove the antisymmetry properties (46). We first check that

is alternate, that is, changes sign upon the exchange Ek <—> E~,0< k <2 <p.

Let A.
1 be the i —j-term in the sum r.h.s.of the first equation(42). For i,f both

distinct k, 2, A,1 changes sign upon exchange Ek(—) E5~ since A is alternate.
For { i, / }= { k, 2), hence i = /, k = 2, A11 changessign upon exchangeEk(—) E~
because [E6,Ek] = — [Ek E21. Remain the terms AkJ, / = 2, andA~QI = k. These
termscomein pairsAkj, A15, i = k, I = 2, yielding a contribution

(~1)’{(— l)kX([E~, E1],. . . ,
(72) . -

+ (—l)
1X([E

1, E1], . . . , E2 )which changessignupon theexchangeEk ~ E5.
We now check that p A A is alternate.Let A. be the i-term in the sum r.h.s.

of the second equation (42). For i ~ 2, i ~ k, A1 changes sign upon exchange

~—÷E2, since A is alternate.And the pair Ak, A5, k < 2, yields a contribution

(2 V~(2 2 2‘S ) LP’Sck) ‘~~O’ ‘

6k’ . 6~, . . ~ Cp

(73) — (_ pk—1 (2 ~X(2 2 2 2, P’..’-~
5’ ~c0, . ç~, . . . ‘ ~ . . . ,

which is turned by the exchange Ek ~ into

~ 1~Ic~(2\A(2 1: 1- 2

‘S LP’Sc51 ~c0, . . . .

I 1\k~ ~ ~X’ 5- 5-
~~1) P’Sck) ‘S ç5,

(74) = (_ ~ l)~
51p(E

5)A (E0 Ek E~)

—p(Ek)A(Eo, E5

thus changessign.

is then alternate as the sum b0X + pA A. And i(E)A and p(E)A, EEL,
areevidently alternate.

We check that 00(E), EEL, is alternate, looking at the exchange ~ E5.
Let B. be the i-term r.h.s. of the first eqution (53). For i ~ k, i ~ 2, B. changes

sign upon the exchange Ek ~ Er. And this exchange turns Bk into — B~and

B~into —Bk.
Wenow prove properties (46) through (50).
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Since ~, i(s), and ~0(E)act only on the arguments of A, they are obviously
A -linear, and so are a and a A sinceA in commutative:we prove(46) and (47)

(from which (48) and(49) immediatelyfollow): from (29) we have:

E~)= p(E){aA(E1 E~)}

(75) = ap(E)X(E1,. . . , E~)+ (Ea)A(E1, E~)

= {(ap(E)A+ (Ea)A}(E i,...~ E,,)

(pAaA)(E0 E~)= E l)’p(E,)aA(E0, . . . , , E~)

(76) = a (— l)’p(E1)A(E0 ,

+ ( l)’(E,a)A(E0 ,(ii) Relations(50) and (5 la) (hence(51)) are straightforward,iterating defini-tions (39), (43) and usingfor the latter, the Jacobiidentity. We prove(53): we
have,forAEA”(L, V),E,E1

{5~i(E)X}(E1,.. ;E,,)= ~ (—l)’~’p(E1)X(E,E1~ , E~)

(77)

+ ~ (—l)’’’A(E,[E1,E1},E ~

1< i<fczp
E~)= p(E)A(E1, . . . , E~)

+ ~ (—I)
1p(~)A(E,E

1,. . . , ~ . . , E~)

(78)

E~)

+ ~ (—1)’
5-A([E

1, E,], E ,...,E1,...,E1,...~Er).

1~ i<f~p

Upond addition the first term r.h.s. of(77), resp. thesecond,concelswith thesec-
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ond termr.h.s.of (78),resp.with thelast, theremainingtermsyielding8~(E)X:we
proved(53). A straightforwardapplicationof definitions(39), (43) yields(54a)

and (54) (1(E) and P(n) commute).We now prove that and 00(E) commute
foreachEEL.Wehave,forXEA~(L,V)andE0,.

— {80(E)A}(E1, . . . , E,,) = A([E, E11, E2, . . . , E~)
(79)

hence

— {6080(E)x}(E0, . . . , E~)=

(80) ~ (—l)’~
5-1{X([E, [E,,E

1]], E0~. . , ~, . . . , ~, . . . ,

+Ex([E1,E,J,E0,.. ~

k*i
k*j

Using there [E,EE1, EJJ] = [E,E~1,~,]+ [E1~[E~E,J (Jacobiidentity) we seethat
the r.h.s. yields— {e0(E)~0X}(E1,. .. , E,,): we proved commutativity of

and on A~(L, I’), p> I. Thisextendsto p 0, since and~0(E)bothvanish

on A°(L, V).
We now prove(55).
With bracketsindicating commutators,wehave,for E CL.

(81) [e~(E),~ = [80(E) + p(E), p Al

since ö,~commuteswith ®0(E) (as we just showed)and with p(s), E C L, as is

obvious. Now we have, on the one hand,for A C A~(L,V) andE0,. . . , E~C L.

{p(E)(pAA)—pApE)x}(E0,. .. ~E~)
(82)

=~(—l)[p(E) p(E,)]A(E0 E, E~)

andon the othernand
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—{PAe0EIx}(E0,...,E~)
~ (1)

1P(E~A(E~[EE]E)

1=0 1=0

+ (- l)1p(E~)X(~
0,...,E11[E, EJ+1]EJ÷2 E~)

(83)

+ ~ (-1)’p(E1)A(E0,...,[E,E1],...,~, E~)~
i=j+1

= ~ (-1)
1p(E,)X(E

0 [E,E~] E~)
O~i<f~p

+ ~ ~(E1)X(E0 [E,E1],...~1 E~)
0~j< i~I~p

—{®~(E)PAA(E0~...E~)

= ~ l)’{p(E1)~~ X(E0 [E, E1] ~, E~)

(84) +p([E,E1DA(E0,...,E, ~E~)

+ ~ ~ ,[E,E11

1= i+ 1

=—{PAeOEX}(EO~...E~)+~(-1)
1P([E,E

1])X(E0 E, E~)}~

taking account of(81)

(85) {[O~(E), &~]A}(E0 E) = (- l)
1~(E,E

1)X(E0

which is the first equation(55), cf. (57). The second equation correspondsto

the special case p = 2 of the generalrelation (62), which is proved below (in

fact ~ (E, E’) belongs to End V, not to V but this does not change anything

to the proof).
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Wenow deduce (52) from (53) and (55) (22). First multiplying (53) right and

left by Isp,, and taking the difference leads to the relation

(86) [e~(E)~ Iso] = [i(E),Is2] EEL.

Equating the l.h.s. of this with that of(55) now yields

(87) i(E)(Is~2f2A)—(b~2.A)i(E)=0~ EEL.

We now prove (52) by showing that

(88) (Is~—f~A)A=0, XEA~(L,V)

by induction with respect to p. If we know this for p — 1, we have, by (87), for
AEA~(L,V)

(89) i(E)(Is~A—~AX)=(Is~—f~A)i(E)X= 0

for each E EL, whence the result for p. Now, for A
0 E A°(L, V) we have

(90) (Is~A0)(E)= p(E)A0

thus

(Is~A0)(E0,E1)

(91) = {p(E0)pE1) — p (E1)p(E0)— p([E0, E1])} A0

= &2(E0, E1)A0= (f� AA0)(E0, E1).

We now prove (52a) through (55a) from (52) through (55). Since the latter

relations hold for any Lie-Cartan pair (L, V) and any V-connection p, they
hold in particular for the depletion (L, R) ((L, C) of (L, A) and the (then licit)
V-connection p = 0, for which —~ Is0, O,~-+ and ~2-÷0). Equation ( ~) then

yields( Pa).

(iii) Ifp is flat, f~= 0, (52)and (53) then become (52b) and (53b).

(iv) We assume p local and A p — A -linear and prove that Is~ A is (p + 1) — A -

-linear by checking A -linearity with respectto Ek, 0 < k < 1: Denote as above

by A11 the i —j term in the sum r.h.s. of the first equation (42) and by A1 the
i-term r.h.s. of the second equation (42). Now all the A11 with i * k, / * k, and

Ak, are A-linear by assumption. Remains the sum of terms Ak!,Alk and A1,A1.We
have using (8), (9), forj> k:

(22) The forth coming, indirect, argumentis motivated by the involved natureof a direct

calculation of~.
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(Ak,+A/)(Eo,... ,Ek_l,aEk,Ek+l,. . .

=(—l)”~’A([aEk,EJ],EO,...,~k E1,. ..,E~)

+ (— 1)
1p(~

1)X(~,.. . ,a~,.. . , ~,. .. ,

E~)
(92)

—(— l)~(E,a)X(Ek,EO, ... , E~,. . . , E~)

+ (— l)
1ap(E

1)A(E~,. . . , ~, . . . ,

= a(AkJ + AJ)(E0, . . . ,

and,for, 1< k

(Ajk+Aj)(Eo,. ..,Ek_l,aEk,Ek~l,..

= (— l)’~X([EI,aEk], E0 . ~k E~)

+ (— l)’p(~1)A(~,. . . ,aEk, . . . , . . - ,

= (— l)~5-kaX([E1,Ek], E0~. . . , ~, ,
(93) 5 -

+ (— l)5-’(~1a)A(~,E0~. . . , E, , ,

+ (— l)
1ap(E,)X(E

0, . . . , ~, .. . ,

+ (— l)’(~1a)A(~0,. . . , ~,

= a(AJk+ A1)(E0, . . . ,

Wenow prove that 1(E), E CL, is a gradec~derivation.We have,for A C A~(L,V),

pEA’
1(L, V), E

1~. . . ,

{(i(E)A Ap + (— l)”A A i(E)p}(E1 +q—

= 1 E x(a)A(E,E~1,..,Eatp_i) ~ Eu~p+ q -

(p—l).q. ~~p+q—1

(_l)P
(94) + — E x(a)A(E01 Eqp’) ~(E,E~(P+ 1)~ ~J(p + q — 1)~

p!(q—1). GEEp+q_l

= —~——~ x(a)~~(— 1)1 A(E0 ~ E~(~...i)EE0(f+i~•~’E511))
p.q. 0E~.1q..1 i=0

Eu~p+q_~)
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(94) ~P(E0(~+l) E0(~+I+l)EE0(~+l+2 Eo~p+q_i~)

= (AAp)(E,E1,... , Ep+qi) = i(E)~XAp}(E1, ~.~~Ep+q_j)~

We now provethat 00(E), EEL, is a gradedderivation.

We first notethat,forAEA’(L, V),pEA~(L,V)

(95) AAp= — E a(X®p)
p!q! OE~p~q

where

(96) (aW)(E ,E~)=’I’(E01,...,E0~),~IC(L*~n®V,Ei,...,E~EL

and

(A® j.z)(~1,. . Ep+q) = A(E1, . . . , E~) .z(E~÷1,. . . , Ep+q)

(97)
~Ep+qEL~

Now, defining e0(E) on arbitrary p-linear forms A by the sameformula as in

(43), it is obviousthat wehave

(98) 80(E)(A ® ~) = e0(~)A® p + A ® e0(E)p, A, pEA*(L, V)

which yields (63) upon application of ~ ~ on both sides,owing to
p!q. aE~p+q

(95) and the fact, obvious from the definition of e0(E), that &0(E) commutes
with the operatorsa.

If we assume that P(E) acting on V, EEL, is a derivation for the product:
V x V -+ V, it is obvious from the secondequation(43) and the definition(60)
of the wedgeproduct, that ~(E)actingon A*(L, 1’) is a derivation for this wedge
product (observe that ~(E)commuteswith the operatorsa: hencein that case

we have the derivationproperty(67) for
We now show that (68) follows from (53) and from the derivationproperties

(62) and (67) of 1(E) and ®~(E)(23). We prove (68) by inductionon the order
p + q ofAAp.

The propertyclearlyholdsforp = 0, q = 0, since, then, we have 8~X= ~ = 0

(23) Hencethat (64)follows from (53a),(62) and(63) (take p = 0).
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+ (— i~~’+~ x(a)Ev(E0 , E0~)
+q+r

(104)
A [A(E0(~~1 Ea(p+q)AM(Eo(p+q+1)~

Thesecondandthird term r.h.s.are respectivelyequalto

(— 1)~~~(r)E x(a)[p(EU(P+I), Eo~p+q~
oE~p+q ~I-r

(105)
A [~(Ea(p+q+1)~ Eo~p+q+r~)A A(E0

and

(— l)’
5-’~~(r’)~ x(O)[P(Eo~p+q+i Ec~p+q+r~)

(106)

A [A(E~ , E~)A M(E
0(~+1) Eo(p+q)]]

with r and r’ the permutation

p+q+r,l p)
(107)

r’(l,. . .,p+q+r)=(p+q+ 1,.. .,p+q+r, 1,.. .,p+q)

with signaturesx(r) = ( 1)p(q+r) x(r’) = ( 1)r(p+q). the l.h.s of (103) then
vanishesowing to the assumptionthat V is a gradedLie Algebra, hence one

has

1(_l)07[uA[uAw]]+(_1)~[uA[wAul]+(_1)~[wA[uAv] = 0
(108) 1

~uEV~, VEV’
3, wEV~.

We now apply Theorem [8] to the examples[6]: vector-valuedcohomology

of Lie algebras(24), exterior derivative on manifolds, exterior covariant derivative

on smoothvectorbundles:

[9] COROLLARY. Let (L, A) be a Lie -Cartan pair (24), with V a left-A module.

And let p be a representation of L on V:

(24) Real or complex i.e. L is a real (complex) Lie algebra,A is a unital commutativereal

(complex) algebra, L is a unital left A -module, and one has (aE)b= a(Eb)andE(ab)= (Ea)b+

+a(Eb), EEL,a,b EA,[E,al?] =a[E,n] +(Ea)~.
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(viii) We have, for AEA~(L,Va), pE A”(L, Va), p, q, cs, DEN, and E1~. .

Ep+q EL:

[pAA](E1,..., Ep+q)

= —~—-—~- ~ x(a)[~(E~1,...,E~~)AA(EU(P+!)~. . . Ea~p+q~YIp.q.

(101)
(— l)”~

= ~ x(a)[A(EU(p+l)~ ... E~p+q~AP(Eap. . .,p.q. OE~p+q

(— l)P~~l[AAp](~ Ep+q)

and where we used the fact that

(102) [u, u] = (— l)°~~[u,v], u E V~, v C V~,

part of our assumptionthat V is agradedLie Algebra.
We now prove (71), from which (70) will follow as the special case correspond-

ing to a trivial grading of V : V = V°.Wehave for A C A~(L,Va), p E ~ Va),
yE A”(L, V~), p, q, r, s, jl, 7EN; and . . . Ep+q+r~j.~according to a pre-

vious calculation

[AAp}(E1 Ep+q+r)

(103) = ~r’ x(a)[X(E01,. . . , E0p)

p.q. . aEap+q+.

A /2(EG(P+l Ea~p+q~]A X(Ea(p+q+l)~. . . Ea~p+q+r~L

thus, denoting by the l.h.s. of the secondequation(71)

p!q!r!Z(~1,..., Ep+q+r)

=(— l)~~ ~ x(o)[A(E01 E0~)
a C ~p + q +

(104) [P(E0(~+1)’~~’ Eo(p+q) A ~‘(Ea(p+q+ 1) . . Ecj(p +q+r)~
1

+ (~
1qp +8a x(a)[p(E01 E0~)A

UEl~p+q+r

+ 1 ~Ea(p+q) A A(E0(p~q~1)’~.’ Ea(p+q+r)U
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+ (— ~ + ‘~ x(o)Ev(E01 Es,,)
cE~p+q+y

(104)
A IX(E0(~+1)~ Eo(p+q)t~P(Eo(p+q+1 Ea~p+q+r~]I

Thesecondandthird term r.h.s.are respectivelyequalto

(— l)~’+~~x(r)~ x(u)[P(EO(~÷1 Ea~p+q~

(105)
A [~‘(Ea(p+q+1)~ Eo~p+q+r~)A A(E0I, . . .

and

( ~)rq+z~l3~fr~)~ x(G)[P(Ea(p+q+l) Ea(p+q+r))

‘7E~p+q+r

(106)
A [X(E01, Eop) A M(E0(~+1) Ea(p+q)l]

with r and r’ the permutation

(r(1,...,p+q+r)=(p+l p+q+r,l p)

(107)
~r’(l,. . . ,p+q+r)=(p+q + 1 p +q+r, 1 p+ q)

with signatures x(r) = ( 1)p(q+r) xr’i = (— 1)r(p+q). the l.h.s of (103) then
vanishesowing to the assumptionthat V is a graded Lie Algebra, hence one

has

1(_l)0~EuA Eu Aw]] + (—1)~[vA [w Au]] + (— l)~[w A [u Au] = 0
(108) 1

I~uCV~,vEV~, wEV~.

We now apply Theorem [8] to the examples [6]: vector-valued cohomology

of Lie algebras(24), exterior derivative on manifolds,exteriorcovariantderivative
on smoothvectorbundles:

[9] COROLLARY. Let (L,A) be a Lie-Cartan pair (24), with V a left-A module.
And let p bea representationof L on V:

(24) Real or complex i.e. L is a real (complex)Lie algebra,A is aunital commutativereal
(complex) algebra,L is aunital leftA -module,andonehas(a~)b= a(Eb)andE(ab)= (~a)b+
+a(Eb),~EL,a,b EA, [E,an] =a[~, i~]+(~a)ti.
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(109) p([E, ‘ii) = [p(E), p(n)], E, ~?EL

whichis local

(110) p(aE)=ap(E), EEL, aEA.

If wedefine,forXEf’t~(L,V),pEN,EEL,andE0~...

(6A)(Eo,...,Ep)=E(_l)’p(E1)X(Eo ~,

+ ~
O~i<i~p

(111) P

— ~ A(~1,..., [E~E1]~... ,

{i(E)A)(E1,..., E~1)= X(~,~~

weobtain linear operatorsofrespectivegrades1, 0, and — I on the gradedvector
spaceA*(L, A) = ~ A~(L,A) with the properties(25)

Is(aX)=abA+a AX

(112)

i(E)(aA) = ai(E)X

(113)

(114) i(E)
2=0

(115) Is

(11 Sbis) S(E) e(i~)— 9(n)~(E)= �)IS[E, 71])

(116) Is ~®(E)=E)(E)Is=Is ‘i(E)~Is

(117) i(E)•9(n)—®(n)i(E)=i([E,n]).

consequently, (A*(L, V), Is) is a cochain complexwhosecohomologyis denoted

(25) a AAisdefinedin(55).
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H*(L, V) and called the A -local cohomology of L with values in V. Note that

~(E),E EL, turnscocyclesinto coboundaries:

(118) ®(E)Zf(L, V)EBJ(L, V)

In the particular case A = IR (A = C) trivially actedupon by L (26), one gets

the usual notion of the Chevalleycohomologyof the Lie algebraL with values
in therepresentationvectorspaceV :H*(L, V).

If, furthermore,V IR (V C), hencep vanishes,onegetstheusual cohomo-

logy H*(L) of the Lie-algebraL. which is an algebrafor the wedgeproduct. In

that case A*(L, IR) (A*(L, C) is the usual Grassmann algebra over L, of which
Is, 1(E), E EL, are antiderivations(27) of respectivegrades 1 and — 1, ~(E),E EL,
beinga derivationofgradezero.

[10] COROLLARY. Let M be a smooth n-manifold, with ~T(M) theLie algebra

of smooth real (complex)vector fields on M, and A~(M),0 <p < n, the set of

smoothp-formson M. If wedefine,for A E A~iM),andE0 E~E .~T(M)

(dA)(E0’...~E~)=~E1{A(E0 E~)}

+ E (—l)’~’X([E1,E1],E0 ,~,
0< i<f<p

(119) (L~A)(Ei,..., E~) E{A(Efl..., E~)}

E~)

.., E~)= A(E, E1~...,E~)

weobtain respectivelyan antiderivation d of grade 1, a derivation L~ofgrade 0,

andan antiderivationofgrade —1 ofthegradedcommutativealgebra A*(M) (28),

suchthat, for ~, n C ~M)

(26) I.e. Ea = 0, a E R(aE C).

(27) An antiderivationof theGrassmann algebra is a graded derivation of odd grade.

(28) The properties(63), (64) where Is0 = d, &~(~)= L~are part of this statement. d is

the exteriorderivative,Lt the Lie derivative. The product (60) is, in this case the usual wedge
product of Cartan forms.
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(120) d
2=0

(121) i(E)2= 0

(121 bis) L
1L~—L~,L1=L115~1

(122) d~i(E)+i(E)~d=L1

(123) d.L~=L~.d=d.i1.d

(124) i(E)~L~—L~i(E)=i([E,p])

(125) ~ ,~EA’(M).
The correspondingcochain complex{ A*(M), d} is the De Rhamcomplexof M,

with cohomology H*(M), the De Rhamcohomology of M, both algebras under
thewedgeproduct.

Let now E be a smooth vector field on M of rank r, with F(E) the A°(A)-

module (29) of smooth sectio,ss of E, and let D be a linear connection of E,

i.e., for eachE C ,~(M), D~is a linear operator of F(E) s.t.

1D~(aX)= aDtX + (Ea)X XE F(L)
(126) 1

aEA
0(M).

Wedenoteby A~(M,E) theset ofE-valuedsmoothp-formson M (30~,anddefine,

for XE A~(M,E),and E
0~.. . , C ~((M)

(DA)(E0,. .. , E~)= (— 1)
1D~{X(Eo,..., ~, ,

+ ~ (— 1)’~’A([E~,E
1], E0 ~ . . . , E~)

0~1<j~p

(127) {e(E)X}(E , E~)= D~A(E , E~)

—~A(E1,..., [E,E11 E~)

= A(E, E1,...,Er).

We thusobtain A
0(M)-linear operatorson A*(M, E) = ~i’~ AP(M,E) of respective

(29) OnehasA°(M)= C~(M).

(30) I.e. AP(M,E)= AP(M), r’(L)), the setof alternate,A°(M)-linear,f’(.E)-valuedp-forms
on A°(M).
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grades1, 0and — 1, such that (31)

D(aA)=aDA+aAA A�A*(M.E)

(128) 8(E)(aA) = a8(E)X + (Ea)X, a C A°(M)

i(E)(aX) = a i(E)X

andfor E~n C ~t(M)

(129) 1(E)
2 = 0, 8~8M~8M 8~= ~ ~(E,i.~)

(130) D ~i(E)+i(~) ~D= 8(E)

(131) i(E) 8(n)—8(n).i(E)=i([E,n])

Furthermore,D2 is an endomorphismoftheA0(M)-moduleA*(M, E),

(132) D2(aA)= aD2X, A C A*(M, E),a E A°(M)

givenby

(133) D2A=~2AX AEA*(M,E)

where~7is thecurvatureofD, definedby

a C A°(M)

(134) (D2a)(E, n) ={D~D,
1—D,5D~—D1111)a,

E,nE~(M)

and the wedgeproduct S2 A A is definedas in (56). Furthermore, onehas for

E,nE~(M)

(135)

with {i(E)~2} A definedasin (57), andfurthermore

(135a) 0(E) 0(n) — O(n) 8(E) = 0([E, n]) + &2(E, i’).

We end up by describing the important notions of direct sumsand tensor

productof connections.

[11] PROPOSITION. Let (L, A) be a Cartan pair; and let and 1’~ be left A -

(31) a AXis defined in (55).
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-modules, with p1 a J’~-connectionand l’~ a V2-connection.Wedenoteby Sand
Ptherespectivedirectsumand tensorproductleft A -module.

(136) S=V~nV2

(137) P=V~®V2.

If, weset,forX1E V1,X2EI’, E�L

(138) (p1 ®p2)(E)(X1®X2) =p1(E)X1 +p1(E)X2

(139) (p1 ®p2)(E)(X1OX2)= p1(E)X10 X2 + X1 0

weobtain an S-connectionp1 0 p2 and a P-connectionp1 op2. Furthermore, if

p1 and are local, so are p1 n p2and p1 ® p2. And we havethecurvatures

(140) =~2eS~Zp1 p2 p, p2

(141) ~ = f2.~®l~3+ 1~,®~

hence,ifp1,andp2are flat, soare p1 ED p2andp1 ®p2.

Proof Thedefinition of p1 Op2amountsto

(l38a) (p10p2(E)=p1(E)®p2(E), EEL,

from which the JR-linearity (resp. C-linearity) of p1
0p

2 is obvious. On the

otherhand,we have,for EEL, a EA,X1E V1,X2EV2

+ p2~X1 OX2) =

= p1(E)aX1ED p2(~)aX2
(142)

= [ap1(E)X1+ (Ea)X1] ED [ap2(E)Xg+ (aE)X2]

= a(p1 + p2)(E)(X1 oX2) + (aE)(X1 oX2).

The fact that p1 0 p2 is local if this holds for p1 andp2, as well as relation(140),

are obviousfrom (138).
We recall that P is defined as the quotientof the free abeliangroupof sums

~ X~®X~,X~C V1. X~C J’~, n C IN by the subgroupsgeneratedby elements

X1o(X2+X~)—X10X2—X1®X~

(143) (x1+x;)0x2—x10x2—x;0x2

X1 0 aX2—aX1OX2

where X1,X C k~,X2, X C V2, a CA, the left A-module structurebeing
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